Abstract-In this paper we consider a CDMA system with error-control coding. Optimal joint decoding is prohibitively complex. Instead, we propose a sequential approach for handling multiple-access interference and error-control decoding. Error-control decoding is implemented via single-user soft-input decoders utilizing metrics generated by linear algebraic multiuser metric generators. The decorrelator, and a new scheme termed the projection receiver, are utilized as metric generators. For a synchronous system, the coded performance of the projection receiver metric is shown to be superior to the decorrelator even though they are equally complex. Also, the theoretical degradation relative to the single user bound is derived.
I. INTRODUCTION
T HE majority of research on receivers for CDMA communications systems has been in the area of uncoded receiver design [1] - [5] . Once the multiuser interference (MUI) has been resolved, error-control coding can be applied independently. In this case, hard decisions on the coded bits of each user are made prior to decoding. Clearly, this segmented design philosophy is suboptimal since we are throwing away information by making hard decisions. Recent results in multiuser information theory reveal that, in order to approach the channel capacity, efforts should be invested in the design of a joint error-control codebook for the users rather than a joint spreading codebook [6] . The system that jointly considers MUI and error-control coding, however, is prohibitively complex. Furthermore, the use of spreading codes has other system benefits, e.g., synchronization, design complexity, etc. We therefore persist considering spreading-code-based CDMA systems. To limit the complexity of the joint decoder, we propose a sequential approach. A multiuser metric generator eliminates the MUI from all but a set of users, and generates soft output reliability metrics for all possible transmissions of the set. These metrics are then fed to an optimal joint error-control decoder for the limited sized set. The paper will focus on the case where the set size is one, leading to a single-user error-control decoder. The effects of the multiuser device is included in the decoder through the decoder metrics. The resulting structure is thus a low-complexity, suboptimal approach to joint decoding.
As mentioned by Duel-Hallen et al. [7] , system design for coded CDMA is scarce in the literature. In this paper, we address this area by presenting a new type of metric generator. The operation of this device is geometrical in nature, and is thus termed the projection receiver. The initial derivation of the projection receiver for the synchronous channel by Schlegel and Xiang can be found in [8, 9] . A similar receiver for the uncoded case has been suggested independently by Varanasi in [10] . We compare the coded performance of the projectionreceiver-and decorrelator- [2, 11] fed decoders, and show that the projection-receiver-fed system performs at least as well as the decorrelator-fed system.
For the synchronous channel, where there is no unintentional correlation between subsequent symbols transmitted by any given user, the appropriate decoding metric is the individual codeword bit distances. When unintentional correlation is encountered over adjacent symbol intervals, an intersymbol interference (ISI)-type receiver is employed where the metric depends not only on the current hypothesized symbol, but also on some number of previous symbols. This type of metric generation is not considered in this paper.
The paper is organized as follows. In Section II, we introduce the uplink CDMA communication system where errorcontrol coding is employed. A new linear metric generator is introduced in Section III, along with the decorrelator. The uncoded and coded performance of the system under the different metric sources are theoretically derived in Section IV. The averaged performance degradation on the random code CDMA channel compared to the single-user bound is computed in Section V for the synchronous case. In Section VI, the theoretical results are verified via simulation. When each user picks a different spreading code for each transmission, we call this channel the random-code (RC) CDMA channel, and when the user picks one code and uses that for each bit in the entire frame, we call the resulting channel the fixed-code (FC) CDMA channel.
Since the waveforms are chip aligned at the receiver, the output of a chip waveform matched filter can be expressed as a linear combination of spreading codes. Note that we have assumed that the received energy contributed by each user in one symbol interval is normalized to i.e., the received energy in one symbol interval from each user is equal to
The output of the chip matched filter of this chip synchronous system in symbol interval can be expressed as
The single-symbol interval channel matrices and the data vector are defined as follows:
The sampled noise corrupting the output of the chip matched filter is independent in each sample since the channel noise is assumed to be white and the chip waveforms are assumed to fulfill the Nyquist criterion (e.g., rectangular chip pulses). The noise vector in symbol interval is where defines the Gaussian distribution with mean and variance and is the one-sided noise power spectral density. At the input to the CDMA channel are encoders, and at the output is the multiuser receiver that generates metrics for the soft input single-user decoders. The single-user decoders form their branch metric for a particular codeword by taking metrics from the codeword bit metric streams feeding the decoder. For example, if 101 were a codeword in user 's codebook, then the corresponding branch metric would be This concept is easily extended to multiuser decoding.
III. LINEAR METRIC GENERATION
For each user, we aim to produce a stream consisting of codeword bit Euclidean distances. The distances are computed as the distance from the output of the multiuser receiver to the two hypotheses, namely, and In general, any multiuser receiver could be used as the metric generator. We will study the decorrelator and the projection receiver.
A. Decorrelating Receiver Metric
The well-known decorrelating filter or decorrelator [2, 11] eliminates all of the multiuser interference in at the expense of noise enhancement. The output of the decorrelator is (2) A Euclidean metric for the hypothesis based on the decorrelator statistic is (3) A Euclidean metric for some sequence is simply the sum of the squared individual symbol distances
B. Projection Receiver Metric
The constrained maximum likelihood sequence estimate of is where
The complexity of such a constrained search is prohibitive. Let us partition into two sets as where, without loss of generality, we have chosen convenient sets. An important property of the projection receiver is that complexity is saved by estimating over the real (or unconstrained) domain, i.e., and only over the constrained domain, i.e., This is a complexity saving proportional to over the optimal MLSE case. Note that the number of transmissions in is The channel now can be rewritten as (4) where has as its columns some subset of size of the columns of and has the complementary set of size The suboptimal hybrid constrained/unconstrained MLSE of is now
The solution to the inner minimization 1 of (5) is
The constrained minimization problem for is now (6) where (7) 1 Via quadratic minimization overd U;i [8, 9] .
is the projection matrix onto the null space of The metric in (6) is computed by first canceling the hypothesis and then projecting out all other symbols, hence, we have the terminology projection receiver. Since the noise in is white, we can interpret (6) as the Euclidean metric for the hypothesis Although we have restricted the unconstrained symbols to be at the end of any set of transmissions can be detected by the projection receiver. It is straightforward to isolate any desired transmissions through column and row permutations of (4).
The constrained minimization in (6) can be modified to include: 1) a single symbol of one given user, 2) a single symbol of several users, or 3) several symbols of a given user in asynchronous CDMA.
2 Case 1) is considered in this paper where we are interested in only one symbol at a time, say symbol of user
The metric is then generated as (8) where projects out all transmissions in symbol interval but user 's.
C. Uncoded Performance Comparison
For the purpose of comparison between the projection receiver-and the decorrelator-fed system, let us consider the component of as required in (3). As mentioned, through permutations, component can be isolated at the end of Using a well-known matrix inversion lemma [12, eq. (7), p. 931], we have where (9) We note that is nothing more than the th diagonal element of the decorrelation matrix [2] for symbol interval i.e., where We note that is not the correlation between two users' spreading codes as is sometimes defined in the literature. By (3), we now have the metric generated by the decorrelator for the hypothesis in the form ( 
10)
Lemma 1: The performance of the decorrelator and the projection receiver are identical in uncoded communication.
Proof: In uncoded operation, hard decisions are made on as follows:
When using metrics for hypothesis testing, all terms in the metric that are independent of the particular hypothesis under consideration can be considered as a constant. The decisions made by the projection receiver using (8) become and the decorrelator decisions from (10) are where Since is a positive constant (w.r.t. the detection of the decisions made by the projection receiver will be the same as the decisions made by the decorrelator.
IV. DECODING BER ON THE SYNCHRONOUS CDMA CHANNEL
The branch metrics for the decoders may be developed as a sum of squared codeword bit distances. We consider a path through the single-user trellis corresponding to user In order to use the developed performance analysis for convolutional codes (e.g., [13] ), we must derive an expression for the probability that a Hamming weight path has a better metric than the all zero path (or all-1 path) which we assume to be transmitted. To this end, we define the metric for the path with length corresponding to information bits, each encoded into channel symbols, as where the branch metric is expressed as a sum of codeword bit distances, and is the distance metric for codeword bit in codeword transmitted by user The Hamming weight error vector has elements equal to 2. We place the symbol numbers of these errors into the set So the first error occurs at bit the second at bit etc.
A. Decorrelator-Fed Decoder BER
Using (2), we can redefine the decorrelator metric as (11) For the decoder of user fed by the decorrelator metric stream,
where and thus (13) where we have utilized the fact that the statistical properties of are independent of
B. Projection-Receiver-Fed Decoder BER
From Lemma 1, we see that (14) where the path selected by the projection-receiver-fed decoder is given in terms of the decorrelator metric. We can then get the probability for the projection receiver from (12) where (15) We therefore get (16) Lemma 2: For RC synchronous CDMA using Euclidean metrics for decoding, Proof: The arguments of the functions in (13) and (15) satisfy (17) due to Jensen's inequality since is convex in Corollary 1: For an FC synchronous CDMA channel,
Proof:
In the FC channel, each user is assigned a particular spreading code. It follows that It then follows that thus, equality is achieved in (17) , and the proof is complete.
The result stated in Lemma 2 may seem surprising since, for uncoded communication, the error rates are the same for the projection receiver and decorrelator systems (Lemma 1). The difference in the coded case arises because the metrics are now sums over symbol intervals rather than one-shot singlesymbol metrics. The decoders build their metrics as the sum of squared codeword bit distances. For the sake of discussion, consider a metric in the decoder for a path of length 2. The projection receiver is based on orthogonal projections, and hence has the property that equiprobable metric contours are circles. The signal power of the projection receiver is decreased (length of projection), but the noise power is invariant under these orthogonal projections [14] . The decorrelator can geometrically be described by a nonorthogonal projection. In each symbol interval, the signal power remains constant, but the noise power is enhanced according to the nonorthogonal projection, leading to elliptic equiprobable metric contours. 3 A Euclidean distance metric is therefore not appropriate for sequence decoding for the decorrelator. This accounts for the degradation of the decorrelator relative to the projection receiver system in the coded case, despite the fact that, bit by bit, the SNR's are identical for the two receivers.
It is clear that the difference between the projection receiver metrics and the decorrelator metrics is that the projection receiver has normalized the variance of the distance metric across the symbol intervals.
V. AVERAGE PROJECTION RECEIVER DEGRADATIONS FROM SINGLE-USE BER
In this section, we determine the losses relative to singleuser performance for communication over the random code CDMA channel using the PR to drive the single-user decoders.
A. Gold Code Synchronous CDMA Channel
A special case of the CDMA channel is of interest since it is often used in simulation studies in the literature. Consider a system where Gold codes [15] are utilized as spreading codes. It can be shown that the 's for such a channel are independent of and and are given by Since, for the single-user system, then using (16), the loss in decibels from the single-user bound for a system using single-symbol metric generation and Gold codes is For example, when and the loss is 0.39 dB. This is verified by simulations presented in Section VI. It is apparent from (19) that as the loss is If then there is no degradation from the single-user bound. This is not surprising since these conditions yield a very lightly loaded system. Conversely, as the system approaches full capacity (i.e., the loss will be 3 dB.
B. RC Synchronous CDMA Channel
For an FC channel, the 's for a particular user are constant, and the bounding follows easily as in Section V-A. However, for an RC channel, statistics of the distribution of the 's must be found in order to evaluate Concentrating on the argument of the function of (16), we get where is the orthonormal basis for the null space of of dimension are the columns of and Consider the expected value of the scalar over since and will be independent in the case of interest It follows that is also computed as a lower bound in [16] . Letting part of the argument of the function of (16) be defined as the expected value of is easily found to be For the average performance of the projection-receiver-fed system, we take the expectation of over as follows:
where the inequality arises from the application of Jensen's inequality for the convex function. 4 The loss in decibels relative to the single-user bound is (20)
As an example, consider the system simulated in Section VI. The loss in decibels from single-user performance is lower bounded by 4.0 dB according to (20) . According to the simulations, the loss is approximately 4.5 dB. 4 Although p x is concave, the convexity of Q(x) is stronger, and therefore Q( p x) is convex rather than concave.
VI. SIMULATION
In this section, we simulate the projection receiver and decorrelator metric stream versions of the coded system on the synchronous CDMA channel with both random and fixed spreading codes. The error-control code used is a rate 1/2 code with constraint length generators and A system consisting of ten users with spreading codes of length 15 is considered. Two additional systems are included for comparison, namely, the matched filter receiver and a nonlinear approximate MAP (AMAP) probability approach [17] . The matched filter system is a very low complexity metric generation scheme which contrasts with the AMAP system which has the highest complexity of all four systems. We should note that the maximum likelihood solution cannot be simulated due to its enormous complexity, and only the asymptotic performance is known.
As was shown in Section IV, the performance of the projection receiver and the decorrelator is identical for an FC CDMA channel. This is verified in Fig. 1 where the performance of the single-user system and the synchronous channel, where each user transmits using a Gold code of length 15, is shown. It is also verified that for the RC CDMA channel, the projection receiver provides better performance over the synchronous channel. The losses in performance from the single-user bound are also shown, and correspond with the theoretical results of Section V.
We see that a substantial price is paid for allowing random spreading codes. The advantage of the synchronous channel is that spreading code design is possible, and the Gold codes are a good example. It is true, however, that the management of the synchronous channel with such special codes may negate the large benefits it has over the asynchronous channel.
VII. CONCLUSION
We have derived a new multiuser linear complexity receiver, and have used it to supply metrics to soft-input single-user decoders in a coded synchronous CDMA communications system. It was shown analytically that the projection-receiver-fed decoders will perform better than the decorrelator-fed decoders for randomly selected spreading codes, and identically for a fixed assignment of spreading codes.
